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« Acoustic wave equation
1 07

2
VG(x,xs,t) — C—QﬁG(x,xS,t) = —d(x — x5)d()

]
TUDelft

\ AAd A




Homogeneous Green’s function

« Acoustic wave equation

1 07
2 _——— = — —_
VG (x,xs,t) 350 G(z,xs,t) d(x —x5)d(t)
« Homogeneous acoustic wave equation
1 0°
2 _
V Gh(iE,iBs,t) — C—QﬁGh(ﬂj,ws,t) =0

3

TUDelft
L AAd A
A A AA




Homogeneous Green’s function

« Acoustic wave equation
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Homogeneous Green’s function

* One-way wavefields
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Homogeneous Green’s function

* One-way wavefields
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Homogeneous Green’s function

« One-way wave equation
03G(x,zs,w) — BG(z,zs,w) = 10(z — x;)
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Homogeneous Green’s function

« One-way wave equation
03G(x,zs,w) — BG(z,zs,w) = 10(z — x;)

* Time-reversed one-way wave equation
3{KG*(z,zs,w)K} — B{KG*(z,zs,w)K} = 1d(x — xy)
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Homogeneous Green’s function

« One-way wave equation
03G(x,zs,w) — BG(z,zs,w) = 10(z — x;)

* Time-reversed one-way wave equation
3{KG*(z,zs,w)K} — B{KG*(z,zs,w)K} = 1d(x — xy)

 Homogeneous Green’s function, definition:
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Acoustic homogeneous Green’s
function representation

2
Gp(z,, rs,w) = {G*(zy,z,w)VG(z,z5,w) — VG* (2, z,w)G(2, zs,w) } ndz
] oD
TUDelft s . . , : :
(Porter, Robert P. “Diffraction-Limited, Scalar Image Formation with Holograms of Arbitrary
A Shape ” (1970) & Oristaglio, Michael L. "An inverse scattering formula that uses all the
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Elastodynamic double-sided homogeneous
Green’s function representation

Gz, xs,w) = / IGT(z, 2, ) IG(z, x5, w)n3d?x
O0DoUOD4

(Wapenaar, Kees, Joost van der Neut, and
Evert Slob. "Unified double-and single-sided
homogeneous Green’s function
representations.” Proc. R. Soc. A. Vol. 472.
No. 2190. The Royal Society, 2016.)
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Elastodynamic double-sided homogeneous
Green’s function representation

Gz, xs,w) = / IGT(z, 2, ) IG(z, x5, w)n3d?x
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(Wapenaar, Kees, Joost van der Neut, and
Evert Slob. "Unified double-and single-sided
homogeneous Green’s function
representations.” Proc. R. Soc. A. Vol. 472.
No. 2190. The Royal Society, 2016.)
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Green’s function representation

Derivation outline: . nz =-1
Start with double-sided
representation (Porter & Oristaglio)
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cancel lower boundary integral
7 ; ny =+l1

]
TUDelft

\ A Y -

A . 21
':' ' = -



Acoustic single-sided homogeneous
Green’s function representation

Derivation outline: P— ) I

« Start with double-sided
representation (Porter & Oristaglio)

* Introduce auxiliary function to
cancel lower boundary integral

« The auxiliary function leads us to 1500
an expression with the focusing
function fi(z,z,,w)

oy S “ “ e vy = +1

(S(frlz, zr,w)O3Gh (2, 25, w) — (O3 f1(, Ty, w)Gh (2, T4, w)} d2x

Gh(wrawsaw) =/ :

Dg wp(x)
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(Wapenaar, Thorbecke, van der Neut. "A single-sided homogeneous Green's function representation for holographic
imaging, inverse scattering, time-reversal acoustics and interferometric Green's function retrieval." GJI) 21
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Elastodynamic single-sided homogeneous
Green’s function representation

F(z,z,,w)

> Gh(x'raxsaw)

Gz, zs,w)
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Elastodynamic single-sided homogeneous
Green’s function representation

F(z)zs, w) F(z,z,,w)

R(z,z',w)

> Gh(xaxsaw) > Gh(xraxsaw)

]
TUDelft

\ A A

2000 -1000 0 1000 2000

23
Vv



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-1.020 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.900 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.780 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.660s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.540s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.450s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.360 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.270 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.180s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.150s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.120 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.090 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.060s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.030s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.012s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=-0.006 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.000s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.006 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.012s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.030s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.060s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.090s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.120 s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.150s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



]
TUDelft

"""

v"  / = -

Numerical example: Single-sided
homogeneous Green’s function representation

t=0.180s

0

500

1000

1500

2000

2500
-2000 -1000 0 1000 2000

24



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.270 s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.360s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.450s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.540 s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500 - -
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.660s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.780 s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=0.900s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



Numerical example: Single-sided
homogeneous Green’s function representation

t=1.020 s

0
= Non-converted P-wave
= Non-converted S-wave

500

1000

1500

2000
5 X3 \
TU Delft 2500
vy - -2000 -1000 0 1000 2000
- 24

W X1



%

TUDelft
L A4 Ak
\’VVVW

Contents

1. Introduction
2. Homogeneous Green’s function

3. Elastodynamic double-sided homogeneous Green’s
function representation

4. Elastodynamic single-sided homogeneous Green’s
function representation

5. Conclusions

25



Conclusions: The presented numerical
example

]
TUDelft

\ AAd A

26



]

TUDelft
L A4 A
g

Conclusions: The presented numerical
example

* Numerical demonstration of single-sided homogeneous
Green’s function representation for elastic waves

26



%

TUDelft
L A4 Ak
\"VVVW

Conclusions: The presented numerical
example

* Numerical demonstration of single-sided homogeneous
Green’s function representation for elastic waves

 Single-sided access of the medium suffices

26



3
TUDelft
\'Vv'n./\.z
\.,'rvvv\./

Conclusions: The presented numerical
example

* Numerical demonstration of single-sided homogeneous
Green’s function representation for elastic waves

 Single-sided access of the medium suffices

» Converted as well as multiply scattered waves are
represented correctly

26



3
TUDelft
W
\”V’VVW

Conclusions: The presented numerical
example

* Numerical demonstration of single-sided homogeneous
Green’s function representation for elastic waves

 Single-sided access of the medium suffices

» Converted as well as multiply scattered waves are
represented correctly

» Layered medium was used in the presented example

26



3
TUDelft
\'-.'v'n./\.z
\"‘"VVW

Conclusions: The presented numerical
example

* Numerical demonstration of single-sided homogeneous
Green’s function representation for elastic waves

 Single-sided access of the medium suffices

» Converted as well as multiply scattered waves are
represented correctly

» Layered medium was used in the presented example

* Focusing functions were modelled in the presented
example
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Conclusions: Outlook

* The theory is valid for laterally varying media
=) EXxtension of our code

* The focusing functions can be retrieved from reflection
data using limited knowledge of the medium via the
Marchenko method (Wapenaar, 2014 & da Costa Filho et
al., 2014)

=) \\le are developing the Marchenko method to reduce
the required prior knowledge of the medium
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Green’s function representation

» Step 1: Virtual source creation

G1($73737w) — Rh(x,wl,w)F(iEl,xS,w)Iﬁd2ZE,
oDy,

Gr(z,z5,w) = Gi(z,z5,w) — KG™ (2, 25, w)K

]
TUDelft

A\ & and single-sided homogeneous Green’s function representations.” Proc.
g M N R. Soc. A. Vol. 472. No. 2190. The Royal Society, 2016.)

(Wapenaar, Kees, Joost van der Neut, and Evert Slob. "Unified double-

Elastodynamic single-sided homogeneous
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Elastodynamic single-sided homogeneous

Green’s function representation

» Step 1: Virtual source creation

G1($7$saw) — Rh(.CU,ZC/,UJ)F(CI?/,.CCS,W)Iﬁd2£C,
oDy,

Gr(z,z5,w) = Gi(z,z5,w) — KG™ (2, 25, w)K
» Step 2: Virtual receiver creation
Go(z,, xs,w) = / LF (2, z,, w) NG (z, x5, w)d’z
0Dg
Gh(xraxsaw) — GQ(LBT,ZES,CU) — KG*Z(xramsaw)K

(Wapenaar, Kees, Joost van der Neut, and Evert Slob. "Unified double-
and single-sided homogeneous Green’s function representations.” Proc.
R. Soc. A. Vol. 472. No. 2190. The Royal Society, 2016.)
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le,fl
Gvs,fl
G7'31,f1
G7'33,f1

3

TUDelft
L AAd A
A A AA

le,fa
GU3,f3
GT31,f3
G7'33,f3

G’Ul,hl
G’U3,h1
G7'31,h1
G7'33,h1

GU1 yhs
Gv3,h3
GT31,h3
G7'33,h3

(x,xs,w) =L

Wavefield Composition

 The L-operators are integral operators in the space-
frequency domain
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